For leptogenesis with heavy sterile neutrinos above the electroweak scale, asymmetries produced at early times (in the relativistic regime) are relevant, if they are protected from washout. This can occur for weak washout or when the asymmetry is partly protected by being transferred to spectator fields. We thus study the relevance of relativistic effects for leptogenesis in a minimal seesaw model with two sterile neutrinos in the strongly hierarchical limit. Starting from first principles, we derive a set of momentum-averaged fluid equations to calculate the final B −L asymmetry as a function of the washout strength and for different initial conditions at order one accuracy. For this, we take the leading fluid approximation for the relativistic CP -even and odd rates. Assuming that spectator fields remain in chemical equilibrium, we find that for weak washout, relativistic corrections lead to a sign flip and an enhancement of the asymmetry for a vanishing initial abundance of sterile neutrinos. As an example for the effect of partially equilibrated spectators, we consider bottom-Yukawa and weak-sphaleron interactions in leptogenesis driven by sterile neutrinos with masses 5 × 10 12 GeV. For a vanishing initial abundance of sterile neutrinos, this can give rise to another flip and an absolute enhancement of the final asymmetry in the strong washout regime by up to two orders of magnitude relative to the cases either without spectators or with fully equilibrated ones. These effects are less pronounced for thermal initial conditions for the sterile neutrinos. The CP -violating source in the relativistic regime at early times is important as it is proportional to the product of lepton-number violating and lepton-number conserving rates, and therefore less suppressed than an extrapolation of the nonrelativistic approximations may suggest.
Introduction
The origins of the primordial baryon asymmetry and neutrino masses remain fundamental open questions in cosmology and particle physics. Both are simultaneously addressed by the mechanism of leptogenesis [1] , in which the asymmetry is generated from the interplay of lepton number (L) violating out-of-equilibrium reactions of sterile neutrinos and nonperturbative sphaleron processes that violate baryon (B) plus lepton number, B + L, and can thus reprocess part of the lepton charge into a net baryon asymmetry. Specifically, the lepton asymmetry is sourced by CP -violating decay and production processes of the sterile neutrinos, while their CP -conserving reactions account at leading order for the washout of the lepton asymmetry. In the present work, we consider a traditional setup for leptogenesis driven by heavy sterile neutrinos with masses above 10 9 GeV, which is the minimal value for which the simplest realizations of leptogenesis from decays remain compatible with the observed oscillations of the Standard Model neutrinos [5] . This bound can be evaded by relying on e.g. resonant enhancement, lepton flavour effects, or the possibility that the freeze out of the asymmetry is controlled by the quenching of sphaleron processes at the electroweak phase transition, rather than by the Maxwell suppression of the sterile neutrinos; for reviews, see e.g. Refs. [2, 3, 4] .
As the early universe was filled with a hot, dense plasma, finite temperature effects can be of importance for leptogenesis. Generically, this may be expected to be the case when leptogenesis occurs at least partly at temperatures either comparable or larger than the mass scale of the dynamically important sterile neutrinos, i.e. when these are relativistic. In "weak washout" scenarios, this reasoning holds: The washout processes never approach equilibrium and reactions involving the sterile neutrinos at early times contribute to the asymmetry. In particular, it is important to account for relativistic effects when the initial abundance of sterile neutrinos vanishes. In this case, their deviation from equilibrium at early times is large and the interplay of source and washout terms at high temperatures, i.e. in the relativistic regime, is crucial. However, in "strong washout" scenarios, washout processes first equilibrate and then freeze out at late times when the temperature drops below the mass of the sterile neutrinos, such that these become nonrelativistic and their production gets Maxwell suppressed. In standard treatments of leptogenesis, this is taken to imply that any asymmetry produced at early times, where the sterile neutrinos are relativistic, gets erased by washout processes prior to freeze out. Only the CP -violating interactions that occur around the time of freeze out, in the nonrelativistic regime, can therefore effectively contribute to the asymmetry. Thus, finite-temperature effects are sub-leading and can be calculated with simplifying nonrelativistic approximations, as applied for example in Refs. [6, 7, 8, 9, 10] .
Nonetheless, reactions occurring at early times can in fact affect the final asymmetry even in the strong washout regime, provided there are partially equilibrated spectator fields whose charges are protected from the washout effects of the interactions of the sterile neutrinos. Spectators are the particles in the plasma which, while not coupling directly to the sterile neutrinos, can still bear B or L and therefore affect the lepton asymmetries via the various Standard Model interactions. If the latter become faster than the Hubble rate well before the washout processes freeze out, their net effect is to enforce chemical equilibrium constraints among the abundances of the participating particles [11, 12, 13] . However, if spectator interactions only partially equilibrate during leptogenesis and enter chemical equilibrium only after the baryon-minus-lepton asymmetry freezes in, one has to account for the nontrivial dynamics of the Standard Model interactions. In particular, it can happen that a part of the lepton asymmetry is transferred to the spectator fields at early times and thereby protected from the washout. The asymmetry is then transferred back to the Standard Model leptons once the spectator interactions equilibrate. Since during radiation domination, the Hubble rate goes as the square of the tem-perature T , the Standard Model interactions enter chemical equilibrium in succession as the temperatures decrease. While gauge and top-Yukawa interactions can be assumed to always be equilibrated for reheating temperatures below the scale of grand unification, strong sphalerons equilibrate at T ∼ 2.4 × 10 13 GeV, followed by bottom Yukawa and weak sphaleron interactions at T b ∼ 4.2 × 10 12 GeV and T ws ∼ 1.8 × 10 12 GeV, respectively. The equilibration of the remaining Yukawa interactions of the Standard Models follows subsequently as the temperature keeps decreasing [13] . It is then natural to study scenarios in which some of the spectator processes are partially equilibrated.
A study of the impact of partially equilibrated spectator fields is presented in Ref. [13] , but only for the strong washout scenario with thermal initial abundance of the sterile neutrinos. In that case, relativistic effects can be ignored because the deviation of the sterile neutrinos from equilibrium, which is required as one of Sakharov's conditions for baryogenesis [14] , is small at high temperatures. However, nonthermal or even vanishing initial conditions for sterile neutrinos should be considered as very plausible because these particles do not necessarily equilibrate between the cosmological epochs of reheating and leptogenesis. Even if equilibration occurs, different temperatures in the Standard Model and sterile neutrino sectors may possibly establish due to extra heating from the annihilation of heavy species. Hence, a reappraisal accounting for relativistic effects, such as to account for nonthermal initial conditions, remains to be done.
Since the nonrelativistic approximation for the reaction rates in the plasma is not applicable for weak washout scenarios or for partially equilibrated spectator fields, we now briefly review the theoretical status of the relativistic and intermediate rates (cf. Ref. [15] for a recent review). In the fully relativistic regime, plasma effects such as scatterings, soft gauge boson emission, and thermal masses dominating the kinematics of one-to-two processes become important, all of which go beyond the simple description in terms of decays and inverse decays of the sterile neutrinos. For this regime, the sterile neutrino relaxation rates have been studied extensively throughout the recent years [16, 17, 18, 19] . However, even when the the asymmetry is dominantly produced in the relativistic regime, washout processes are generally active throughout the transition to the nonrelativistic regime. The pertinent relaxation rates of the sterile neutrinos at finite temperature have been calculated for arbitrary masses in Refs. [18, 20] by summing over processes that both conserve and flip lepton helicity. However, in order to accurately calculate the washout effects and the CP -violating source for both the relativistic and intermediate regimes, it becomes necessary to distinguish the two types of processes. When assigning lepton number to the different helicity states of the sterile neutrinos, this distinction becomes equivalent to differentiating between lepton-number conserving and violating processes, and obtaining estimates of their rates applicable to high-scale leptogenesis scenarios is one of the main goals of the present paper. The importance of lepton-number violating processes in leptogenesis with light, GeV-scale sterile neutrinos has been pointed out in Ref. [21, 22] , while the full the interplay with the lepton-number conserving rates has been established for these scenarios in Refs. [23, 24, 25, 26, 27, 28, 29] . For these GeV-scale scenarios the sterile neutrinos may be treated as fully relativistic, and the CP -violating source can be obtained by considering the coherent oscillations of the sterile neutrinos while neglecting their different masses in the kinematics of the scattering processes. In order to compute the rates for the lepton-number conserving and violating processes in high-scale leptogenesis scenarios, we have to drop the approximations of the fully relativistic regime, but we may simplify the calculation of the CP -violating source by considering the hierarchical limit in which the heavier sterile neutrinos decouple.
There have been previous efforts to include thermal effects and to calculate the production and the washout of the asymmetry in the relativistic regime of leptogenesis with heavy sterile neutrinos, but two-by-two scattering processes (for which the leading-logarithmic contribution can be captured when including the finite width of the Standard Model leptons) have not been accounted for [30, 31] , and in addition the quantum-statistical factors were not included accurately in some cases [32] . Refs. [33, 34, 35] included relativistic corrections for the washout arising from scatterings with Standard Model particles, yet these were not considered for the CP -violating source. We are therefore also interested here in updating the analytic description of Ref. [35] for the weak washout regime in view of the recent advancements in the calculation of the relativistic reaction rates.
Given the above context, the aim of this paper is two-fold. First, to obtain consistent evolution equations for the particle asymmetries that remain valid in the transition from the relativistic through the intermediate to the nonrelativistic regime, and to compute the associated source, equilibration and backreaction rates, including the leading effects from scatterings in the plasma. Second, we will study the impact of the relativistic effects on the generation of the asymmetry, either ignoring spectators or accounting for their partial equilibration. We will assume a one-flavour regime in which the sterile neutrinos couple to a single combination of flavours of Standard Model leptons. This is appropriate for high temperatures 4 × 10 11 GeV, in which the lepton Yukawa couplings are not yet in equilibrium and the leptons are effectively indistinguishable. For our study of spectator effects at such high temperatures, we consider scenarios with a lightest right-handed neutrino with a mass around 10 13 GeV and with partially equilibrated bottom Yukawa and weak sphaleron interactions. As mentioned earlier, these interactions equilibrate at T ∼ 10 12 GeV, so that the choice of M 1 ∼ 10 13 GeV ensures partial equilibration of the spectators until after the freeze-out of the lepton asymmetry at
The remainder of this paper is organized as follows. In Sec. 2, we specify the seesaw model that we use to illustrate our developments and explain how we account for the expansion of the universe. The resulting fluid equations for leptogenesis are presented in Sec. 3, where we qualitatively explain the particular terms in the fluid equations and present approximate forms for the reaction rates that can be used in phenomenological calculations. In Sec. 4, we give the full derivation of the fluid equations based on the closed time-path (CTP) formalism of nonequilibrium quantum field theory [36, 37, 38] , and give technical details for the calculation of the sterile neutrino reaction rates. In particular, we study the behaviour of the reaction rates in the relativistic and intermediate regimes. In Section 5, we solve the fluid equations numerically for a toy model without spectator interactions and for a realistic model accounting for partially equilibrated bottom Yukawa and weak sphaleron interactions. For the toy model we present a semianalytical approximation of the asymmetry in the weak washout regime, and in the realistic model we isolate the effects from partially equilibrated spectator fields by comparing with the results based on the assumption of fully equilibrated spectators. Our conclusions can be found in Sec. 6.
Simplified Model for minimal High-Scale leptogenesis
We consider a minimal type I seesaw model with two sterile Majorana neutrinos N 1 and N 2 that couple to the Higgs boson φ and a single linear combination l of the left-handed Standard Model lepton doublets,
In this Lagrangian, we use the shorthand notation φ a ≡ ab φ b , where a, b are indices of the fundamental representation of SU(2) and ab is the 2 × 2 antisymmetric tensor with 12 = 1. We take the sterile neutrino mass matrix to be real and diagonal,M ij = diag M 1 ,M 2 , and assume strongly hierarchical masses,M 1 M 2 . Focusing on energy scales E M 2 , we may then construct an effective theory by integrating out the heavy N 2 . To leading order in an expansion in E /M 2 , the effects of virtual N 2 exchanges are captured by the two the Weinberg-like operators
that have to be added to the part of Lagrangian in Eq. (1) that remains after neglecting the terms involving N 2 . For phenomenological models of the light neutrino masses, one may want add more than two sterile neutrinos to the Standard Model, but in order to study leptogenesis in the hierarchical limit, the present model with two new neutrinos is sufficient.
To generalize the action corresponding to Eqs. (1) and (2) to an expanding universe, we replace the Minkowski metric η µν = diag(+1, −1, −1, −1) and the derivatives within the action with their covariant counterparts. For this, we assume that leptogenesis takes place in a spatially flat Friedmann-Robertson-Walker (FRW) cosmology during the radiation dominated period and work with conformal time t. The corresponding metric is given as
where a(t) is the scale factor. Following Ref. [39] , we redefine the fermion fields in order to achieve canonically normalized kinetic terms,
The resulting Lagrangian is identical to the one in Eq. (1), except that the mass terms now depend on the scale factor,M
Aside from this effective mass term, all dependencies on the scale factor a(t) have thus been removed. In effect, the expanding universe appears as static but with sterile neutrinos that grow ever heavier as t → ∞. The momenta corresponding to the spacetime derivatives of the conformal coordinates with the metric (3) are comoving, while the physical three-momentum is obtained as k phys = k µ /a(t). The on-shell relation for the comoving momenta reads
i . An important advantage of this choice of coordinates is that up to gradient corrections we may stick with the standard Minkowskian scalar product and momentum-space Feynman rules when performing computations. These corrections are parametrically suppressed by factors of H/T phys , where H is the Hubble rate and T phys the physical temperature. During freeze-out, T phys ∼M 1 and H ∼ |F 1 | 2M 1 /(16π), such that H/T phys ∼ |F 1 | 2 /(16π), i.e. the gradient corrections are perturbatively small and hence negligible. See Section 4.2 for more details.
As the comoving momenta are unaffected by the expansion, we can define a comoving temperature T and a comoving entropy density s, such that they remain constant aside from decoupling effects in the early universe. Explicitly, we choose
where s phys denotes the physical entropy density, i.e. T phys and s phys redshift as the universe expands.
To proceed, we now choose the normalization of the scale factor such that a(t) = T t, which also implies t = 1 /T phys . Assuming that the physics of the early universe is dominated by the Standard Model degrees of freedom, it then follows from the Friedmann equations that the comoving variables s and T are given by
where g * (T phys ) is the effective number of relativistic Standard Model degrees of freedom in the early universe and M p = 1.22 × 10 19 GeV is the Planck mass. For physical temperatures well above the electroweak scale, one finds g * ≈ 106.75 1 .
In the fluid equations, we will reparametrize the conformal time t in terms of the dimensionless variable z ≡M 1 t = M 1 /T . With our choice of normalization for the scale factor, the Hubble rate is given as (recall that t denotes conformal time)
While the primordial baryon asymmetry is often quantified by the ratio of baryon number B and photon densities at recombination [41] ,
we instead consider the entropy-normalized baryon minus lepton (L) number density Y B−L ≡ n B−L /s, or yield, which is unaffected by B + L violating sphaleron transitions. The baryon asymmetry η B can be expressed in terms of Y B−L via
where a sph ≈ 28 /79 [42, 43, 44] denotes the fraction of B − L asymmetry converted into a net baryon number by electroweak sphalerons as they equilibrate 2 and Y γ,0 = 1/7.04 is the present day photon yield. In general, we denote the (anti-)particle number densities in the early universe as n ± X (t), where the subscript X specifies the particle species and the ± distinguishes particles and antiparticles. We count each member of a gauge multiplet as a separate particle species, which leads to occasional explicit factors of N c = 3 and g w = 2 when summing over quark color or electroweak isospin. For each species, the particle number yield is given by
Since the sterile neutrinos N i are Majorana particles, one has n
, and the charge density as in Eq. (11) is not a useful in order to quantify asymmetries in these particles. Instead, we use the yields for even and odd combinations of helicity,
where n N i h is the number density of sterile neutrinos with a given helicity h. Finally, we assume that the Standard Model particles remain in kinetic equilibrium throughout leptogenesis. This is a good approximation for physical temperatures well below the equilibration temperature of the electroweak gauge interactions in the Standard Model, T phys T eq ∼ 10 16 GeV. In this regime the time evolution of the Standard Model charges is determined by their respective chemical potentials and vice versa. For small chemical potentials and relativistic species, one has
with g s = 2 for fermionic degrees of freedom and g s = 1 for scalars. In chemical equilibrium, which is approached when reaction rates are much faster than the Hubble rate, the rates for a given reaction and its inverse match, which enforces the equality of the total chemical potentials of reactants and products. Crucially however, chemical equilibrium may or may not hold throughout the temperature range that we consider in this work: For instance, the thermally averaged rates of Yukawa interactions are given as h 2 γ h T phys , where γ h is a numerical constant of order 10 −3 -10 −2 , depending on the representations of the fields coupled through the Yukawa interaction [19, 13] , and h is the Yukawa coupling in question. In comparison, the Hubble rate H ∝ T 2 phys drops faster with decreasing temperature. Therefore, depending on the temperature at which the B − L-violating interactions mediated by N 1 freeze out, we may be allowed to ignore the spectator processes or assume fully equilibrated spectator fields, or we may need to treat them as partially equilibrated. Notably, among the spectator degrees of freedom, one has to consider the Standard Model leptons and their associated flavour effects. In the case of full chemical equilibration, leptogenesis has to be treated in the fully flavoured regime [45, 34, 46, 47] by using the individual lepton flavour asymmetries instead of those in the linear combination l of flavours that appear in the Lagrangian (1). In the intermediate regime, besides the partial equilibration of spectator fields, one has to account for the decoherence dynamics of the correlations among the lepton flavours [48, 49] . To separate flavour decoherence from spectator effects, we therefore decide to focus on temperatures above 10 12 GeV, where the τ leptons reach chemical equilibrium. Methodologically it should be straightforward to combine both, partial flavour decoherence and partial equilibration of spectator fields in one single calculation.
Relativistic fluid equations for leptogenesis
The dynamics of leptogenesis is usually described in terms of momentum averaged fluid equations for the yields Y X . We will follow this approach here, but it should be noted that, when relativistic corrections are of importance for the sterile neutrinos, the leading fluid approximation discards potentially relevant information on the distribution functions. In this case, working directly with the distribution functions is expected to give order one corrections for the final B − L asymmetry, as can be inferred from dedicated studies of leptogenesis with GeV scale sterile neutrinos [50, 26] . In contrast, the reduction to fluid equations is a very good approximation when leptogenesis occurs in the strong washout regime and the partial equilibration of spectator fields can be neglected [51, 52] .
Although the correct form of the fluid equations can be inferred by physical intuition when balancing the scattering processes in the thermal plasma while accounting for the expansion of the universe, we perform a derivation from first principles by means of the Schwinger-Keldysh CTP formalism [36, 37] applied to nonequilibrium quantum-field theory [38] . The advantage of this approach is that we may compute the CP -violating source terms as well as the relaxation rates toward equilibrium throughout the transition from relativistic to nonrelativistic sterile neutrinos in a way that is self-consistent without overly relying on physical assumptions. In comparison to S-matrix approaches, the CTP formalism allows to automatically incorporate quantum statistical factors and enforce the constraints from unitarity and invariance under charge conjugation, parity and time-reversal. In the S-Matrix formalism this requires the added complication of real-intermediate-state subtraction, as the sterile neutrinos are not proper asymptotic states.
The CTP approach has been amply used in studies of leptogenesis [53, 54, 55, 56, 57, 39, 49, 58, 59, 60] and particularly in resonant leptogenesis [61, 49] and in the context of leptogenesis from GeV-scale sterile neutrinos [62] , where the small masses involved require a fully relativistic treatment. In full detail, this computation is presented in Section 4. Here, we only give a summary of the resulting fluid equations and the relevant equilibration rates, which are used to perform the numerical parameter scan in Section 5.
To connect with more familiar treatments of leptogenesis, it is instructive to start by considering the nonrelativistic regime z = M 1 /T 1, which is entirely driven by N 1 ↔ l φ and N 1 ↔ l φ † decay and inverse decay processes. In the strongly hierarchical limitM1/M 2 → 0, there are only two free parameters. The first is the zero temperature decay width of the lightest sterile sterile neutrino
and the second is the decay asymmetry [63, 64] 0 ≡
Using these two coefficients, it is possible to write down a simple set of fluid equations that is valid in the nonrelativistic regime:
In these equations, Y l and Y φ are the yields of the individual members of the l and φ gauge doublets 3 , Y N 1 eq is the value of the sterile neutrino yield in thermal equilibrium, and η N 1 is a correction factor that captures the Boltzmann suppression of the inverse decays at late times. Y N 1 ,eq and η N 1 are given as
where
and K m (z) denotes the modified Bessel function of the second kind. To obtain the expression for η N 1 , we have linearized the fluid equations in the chemical potentials of leptons and Higgs bosons, see section 4.2 for more details. The dimensionless equilibration rate Γ in Eqs. (16a), (16b) is different from Γ D (z → ∞) due to us working with z instead of the comoving proper time t com . Explicitly, one has
where the constant
denotes the standard washout parameter defined as in e.g. Refs. [1, 35, 13] . Its relation to the Hubble parameter follows from Eq. (8) . Phenomenologically, one distinguishes the two parametric regimes of K 1 and K 1, which are referred to as weak and strong washout, respectively. 4 Finally, we have considered the change in the yield Y ∆ = Y B/3 − g w Y l on the left-hand side of Eq. (16b), since it is conserved under anomalous weak sphaleron processes. 5 In principle, the goal of our calculation is Y B−L . However, as the decays and inverse decays of the N 1 are the only relevant B − L-violating processes and they involve only the linear combination l of lepton flavours, one finds
so that we may use
Physically, the collision term on the right-hand side of Eqs. (22a) describes the relaxation of the sterile neutrino toward equilibrium, and the first term on the right-hand side of Eq. (22c) is the source of the asymmetry. The washout of the lepton asymmetry via the inverse decays is captured by the second term in Eq. (22c).
As a consistency check, we compare the nonrelativistic fluid equations (16a) and (16b) with those in Refs. [35, 13] . For this, we neglect the Standard Model spectator fields and set Y φ = 0 as well as Y l = −1/2Y B−L . Doing so, we find a relative prefactor of 12 /π 2 in η N 1 with respect to the results in Ref. [35] . However, taking the limit z 2 K 2 (z) → z π 2 ze −z for z → ∞ we reproduce the expression given for the washout term in Ref. [13] . This small difference arises from the fact that the relation between the washout rate and the relaxation rate implied in Ref. [35] , apparently based on the ratio of number densities of sterile neutrinos and Standard Model leptons, is not valid. To obtain the factor η N 1 , we have instead performed an expansion in terms of the chemical potentials of the Higgs and lepton fields, as it is appropriate for rates that are proportional to the charge asymmetry.
Moving on to arbitrary temperatures, we first note two reasons why the fluid equations (16a) and (16b) are valid only in the nonrelativistic regime, apart from thermal corrections for the sterile neutrino interaction rates being neglected.
First, the equations do not account for the time-dilation of relativistic sterile neutrinos in the plasma frame. Following the approach in [35] , this effect can be taken into account by multiplying Γ with the thermal average of the sterile neutrino time dilation factor,
As discussed below, this augmented version of Γ works well for z 1, while the expression without the time dilation factor is sufficient only for z 10. For z 1, thermal corrections have to be taken into account for a self-consistent computation of the sterile neutrino equilibration rates.
Second, the nonrelativistic fluid equations make no distinction between the two helicity eigenstates of the sterile neutrino. This a reflection of the fact that nonrelativistic interactions become insensitive to spin. However, in the relativistic regime, the reaction rates are helicity dependent, so that we have to keep track of two independent sterile neutrino equilibration rates Γ andΓ, which are defined such that Γ is helicity even andΓ is helicity odd. Assigning positive (negative) lepton number to sterile neutrinos with negative (positive) helicity 6 , we then encode the finite temperature corrections to Γ andΓ in terms of a lepton-number conserving (LNC) rate γ LNC and a lepton-number violating (LNV) rate γ LNV . Explicitly, we parametrize
where the LNC and LNV rates γ LNC and γ LNV are defined such that they only depend on Standard Model parameters. They are computed in Section 4.3. Using the equilibration rates Γ,Γ and following the derivation in Section 4.2, we find the momentum-averaged relativistic fluid equations
In these equations, eff is now the effective CP -violating parameter at finite temperature. Similar to Γ andΓ, it can be expressed in terms of γ LNC and γ LNV ,
and I(z) is defined as in Eq. (17a). As before, 0 is the nonrelativistic decay asymmetry of Eq. (15). For the above fluid equations, we can explicitly verify that γ LNC conserves the generalized lepton numberL = L − n N 1 + + n N 1 − , where L is the usual lepton number in the Standard Model. Indeed, one has
justifying the choice of the nomenclature LNC. Occasionally, we will refer to Γ as the relaxation or equilibration rate and toΓ as the backreaction rate. This is because the term involvingΓ in Eq. (22b) physically corresponds to the lepton asymmetry being partially transferred back into a sterile neutrino helicity asymmetry as a result of the washout.
The fluid equations (22a)-(22c) differ from the nonrelativistic Eqs. (16a), (16b) obtained in the standard treatment via the presence of the two independent rates Γ,Γ, the separation of the sterile neutrino yield in two contributions Y N 1 even , Y N 1 odd , and the z-dependence of the effective CP -violating parameter eff (z). For leptogenesis with hierarchical sterile neutrinos, strong enough washout and negligible spectator effects, the asymmetry is generated at late times, where z 1 and the sterile neutrinos are entirely nonrelativistic. As we derive in Section 4, in this regime the LNC and LNV rates are approximately equal, so thatΓ ≈ 0, Y N 1 odd becomes irrelevant and one does indeed recover the nonrelativistic Eqs. (16a), (16b). In contrast, for leptogenesis driven by GeV-scale sterile neutrinos [65, 66] , the LNC rate is the most important one and the LNV rate can be ignored in large regions of parameter space, so that Γ ≈Γ and there is once again only one independent rate appearing in the fluid equations. Generically however, both rates may be relevant, which has been explored in Refs. [21, 22, 23, 24, 25, 26, 27, 28, 29] for GeV-scale sterile neutrinos. In that framework, the CP -violating effects have been obtained from numerical solutions of the oscillations among the sterile neutrinos. In contrast to that, in the present work we consider the interplay of LNC and LNV rates in leptogenesis from decays, where flavour oscillations are negligible and the sterile neutrinos have masses close to the natural scale of the type-I seesaw mechanism. Since in the relativistic regime the LNC and LNV rates differ and eff (z) departs from 0 , we expect nontrivial effects when a sizable asymmetry is generated at early times that does not suffer from strong washout, as can happen for nonthermal initial conditions for the sterile neutrinos in the weak washout regime or in the presence of partially equilibrated spectator fields.
In the case of partially equilibrated spectators, the Boltzmann equations (22a)-(22c) are no longer sufficient, since one also has to describe the time-evolution of the additional dynamical Standard Model degrees of freedom. Proceeding as in Ref. [13] , we augment the Boltzmann equations with an additional equation for each partially equilibrated spectator. As mentioned in the introduction, the bottom-Yukawa and weak sphaleron interactions are expected to be partially equilibrated during leptogenesis for sterile neutrinos with masses M N 1 ∼ 10 13 GeV, since their respective equilibration temperatures are estimated to be 4.2 × 10 12 GeV and 1.8 × 10 12 GeV [13] . In the relevant temperature range, the first and second generation Yukawa interactions are negligible and the corresponding quarks are effectively indistinguishable 7 . As a result, they have a single, common yield:
the left-handed doublets, and
for the right-handed quarks. Analogously, the Standard Model Yukawa interactions of the left-handed lepton doubles are negligible, so that the two flavour combinations l ⊥1 , l ⊥2 not coupling to the sterile neutrinos share a single common yield
The third generation of quarks is affected by the partially equilibrated bottom-Yukawa interactions, and we denote their yields as Y Q 3 , Y t , Y b . Adding the fluid equations for the spectator processes as in Ref. [13] , and using the definition
At temperatures of about 10 12 GeV, the equilibration rates Γ down and Γ ws for the bottom Yukawa [13] and weak sphaleron [19, 67] interactions are given as (26) where h b is the bottom-Yukawa coupling, α 2 ≡ g 2 2/4π is the coupling strength of the electroweak SU(2) L gauge interaction and m 2 D ≈ 11 6 g 2 2 T 2 is the Debye mass of the SU(2) L gauge bosons. In order to solve the fluid equations (25a)-(25e), we need five relations to express the yields
and Y φ appearing on the right-hand side in terms of the three yields Y ∆ , Y l ⊥ and Y ∆ down on the left-hand side. For this, we first use the constraints imposed onto the chemical potentials corresponding to the yields by the spectator interactions that are fully equilibrated in the relevant temperature range, 10 12 GeV T 10 13 GeV. As discussed in Ref. [13] , this is the case for top-Yukawa interactions and strong sphaleron processes, yielding two relations. The remaining three relations can be obtained by enforcing Y ∆ ⊥ ≡ Y B/3 − 2g w Y l ⊥ = 0, equal quark asymmetries for the three generations, and that the weak hypercharge vanishes. The first condition follows from the fact that the weak sphalerons are the only source of B violation, as they change B/3 and L by the same amount in each generation and hence conserve Y B/3 − 2Y l ⊥ in absence of lepton-flavour violation. 8 The second condition is a result of the weak and strong sphalerons being flavour blind; the additional flavour violation via charged currents for the left-handed quarks then only retains the chemical equilibrium among them. Finally, the third condition is a consequence of charge-neutral initial conditions and gauge invariance. Putting everything together results in the relations [13] 
This equation can also be used to explicitly verify Eq. (19) , which states
In cases with fully equilibrated bottom Yukawa and weak sphaleron interactions, one obtains two additional chemical equilibrium constraints for the yields, giving
These relations can be used in Eqs. (22a)-(22c) to obtain a closed system, replacing the final two equations (25d) and (25e). To conclude this section, we present approximate formulae for the rates γ LNC and γ LNV . These reproduce the results of the numerical computation in Section 4.3 with a relative precision that is typically better than 5%, while dropping to 10-30% only for narrow intervals of z in the vicinity of kinematic thresholds in the case of γ LNV . As elaborated in Section 4.3, the rates receive contributions which can be interpreted as arising from 1 ↔ 2 processes in the thermal plasma involving N 1 , φ and l , as well as 2 ↔ 2 scatterings involving N 1 , φ, l and weak gauge bosons. For the leptonic states taking part in the 1 ↔ 2 processes, we account for the two branches of the modified plasma dispersion relation corresponding to either particle or hole modes. Hence, we write γ LNC/LNV = γ 1↔2 LNC/LNV + γ 1↔2,h LNC/LNV + γ 2↔2 LNC/LNV , with the three different contributions corresponding respectively to 1 ↔ 2 processes with lepton particle-modes, 1 ↔ 2 reactions with lepton hole-modes and 2 ↔ 2 scatterings. Defining L ≡ log 10 z, the approximate formulae for the different contributions (valid for scales around 10 12 GeV) are 
In Fig. 1 , we compare the numerical results obtained in Section 4.3 with the approximate formulae (29a)-(30c). Note that for large z, the 1 ↔ 2 processes dominate, and one has
and therefore
Similarly, Eq. (23) gives
so that we explicitly recover the nonrelativistic fluid equations (16a), (16b). For lower values of z the rates receive significant corrections from both 1 ↔ 2 and 2 ↔ 2 processes, with the latter dominating γ LNC for z 1 and γ LNV in the window 0.1 z 0.6, where the 1 ↔ 2 processes are suppressed or forbidden due to the kinematic blocking caused by the thermal masses acquired by the Standard Model particles and holes in the early universe plasma. This kinematic blocking is the main cause for the features of the 1 ↔ 2 contributions that can be seen in Fig. 1 for z 1. In this regime, the 1 ↔ 2 processes are dominated by H ↔ N 1 l decays, as the thermal mass of the Higgs overcomes the sum of the masses of N 1 and l . Consequently, the standard N 1 ↔ lH decays only dominate the 1 ↔ 2 contributions for z 1. The hole contributions to 1 ↔ 2 processes are negative and only relevant for 0.1 z 1. However, in this window the total rate is dominated by the scattering contributions, so that holes do not play an appreciable role in the total rates. This is also shown in the lower panels of Fig. 1 , where negative values of γ 1↔2 LNC/LNV due to the hole contributions are drawn as dashed blue lines, while scattering contributions are drawn in orange. More details are given in Sec. 4.3.
In Fig. 2 , we also illustrate the derived rates Γ,Γ, η N 1 Γ, η N 1Γ , and eff Γ that appear in the fluid equations together with their respective nonrelativistic approximations. A noteworthy feature is the large enhancement of the source term eff Γ at z < 0.1, which is the results of the H ↔ N 1 l decay processes generating a large contribution. As will be seen, even when neglecting spectator effects, the enhanced source can result in a large increase of the asymmetry compared to the nonrelativistic approximation, if the generation of this asymmetry is effective at early times, when z 1. This is the case e.g. in the weak washout regime for a vanishing initial abundance of N 1 .
4 Derivation of the fluid equations and computation of the equilibration rates in the closed time-path formalism
In this section, we derive the fluid equations presented in the previous section from first principles. For this purpose, we first give a brief introduction to the CTP formalism in Section 4.1, where we also summarize the basic notations and identities. The derivation of the fluid equations is presented in Section 4.2. In Section 4.3, we then compute LNC and LNV rates appearing in the fluid equations. Our calculation follows the approach of Ref. [49] . The strategy is to recover the particle number densities n ± X (t) from the two-point correlation functions of the corresponding fields. The time-evolution of these correlators is governed by Schwinger-Dyson equations, which can be converted into approximate Boltzmann equations for the local number densities after performing a simultaneous expansion in gradients and deviations from thermal equilibrium [38] . Averaging over the momenta in the thermal plasma then yields the final set of fluid equations in terms of particle yields.
The computation of the LNC and LNV rates poses no major problem in the nonrelativistic limit z 1, since one may neglect finite-temperature corrections. However, these corrections are of paramount importance in the ultrarelativistic limit z 1. In this regime, an accurate computation becomes more involved, since the presence of the additional temperature scale means that higher-order loops, even if suppressed by larger powers of couplings, can be enhanced by powers of T /m, with m being a relevant mass or momentum scale. Hence, one has to resort to resummation schemes that incorporate all the relevant Feynman diagrams. The dominant loop corrections may be approximated by so-called "hard thermal loops" (HTL) [68] that can give enhancement factors of the form κ 2 T 2 /m 2 , where κ denotes either a gauge coupling, a Yukawa coupling, or the square root of a scalar quartic coupling. The HTL resummation entails absorbing such loops to all orders into effective propagators and vertices. For the LNC rates in leptogenesis, the HTL-resummed calculations presented in Refs. [16, 17, 19, 20, 69] are necessary because the 2 ↔ 2 scattering processes involving t-channel lepton exchanges are infrared divergent at tree level. After the resummation, it is found that these rates go as g 2 ln g −2 (with g standing here schematically for the gauge couplings g 2,1 for weak isospin or hypercharge, respectively) as opposed to the g 2 for 2 ↔ 2 contributions without infrared enhancement.
In the present work, we are interested in the evolution of both the LNC and LNV rates throughout the whole transition from the ultrarelativistic to the nonrelativistic regime. As such, we cannot make any assumption on the value of the ratio of M 1 and T , which makes obtaining analytic results rather challenging. Thus, we will resort to numerical estimates of the rates at leading logarithmic order in the HTL resummation scheme. A systematic extension of the LNC rates toward the nonrelativistic regime and an improvement of the approximation beyond leading logarithmic order has to account for the cancellation of real with virtual divergences from soft and collinear radiation of gauge bosons and has been addressed in Refs. [18, 20] . Demonstrating this cancellation explicitly is involved. However, when expressing the rates in terms of self energies of the sterile neutrinos in the CTP formalism, the HTL resummation for contributions corresponding to wave-function corrections to the lepton and Higgs propagators automatically accounts for both real and virtual effects. [18] . We will, however, not account for vertex corrections in the self-energies of the sterile neutrino, as these do not give rise to enhanced g 2 ln g −2 corrections. Therefore, our results will be accurate to leading logarithmic order, i.e. to g 2 ln g −2 , what will be refereed to briefly as "leading-log accuracy" 9 .
Summary of the CTP formalism
The basic objects of concern in nonequilibrium quantum field theory are time-dependent expectation values of operators for an arbitrary state (e.g. a thermal ensemble but notably also pure or mixed states deviating from equilibrium) represented by a given density matrix. The key idea in the application of the CTP formalism to nonequilibrium theory is to express these expectation values as a functional integration along a closed time-path typically chosen to go from an initial time t = t i forward to some t = τ > t i and then back to t i , with the density matrix encoded through external sources that are added to the Lagrangian [38] . In complete analogy with the conventional path-integral formalism, the CTP path-integral can then be used to compute time-path ordered n-point functions. The only difference is that due to the closed time-path, there are now two distinct branches: a "+" branch, going forward in time with the usual time ordering, and a "−" branch with the opposite orientation and the reverse time-ordering. Since each local operator may be evaluated along either branch of the time path, there are four types of two-point functions, labeled as ++ (or alternatively "T "), −− (or "T "), +− (or "<"), and −+ (or ">"). The >, < two-point functions with the fields evaluated along different branches of the time path are called "Wightman functions". They correspond to correlations without time ordering and encode (among other things) the information necessary to compute the particle number densities. For a given complex scalar field φ, the four possible CTP propagators are given explicitly as 10
where the X signifies particle species and T and T denote time ordering and anti-time ordering, respectively. It is useful to define the advanced and retarded propagators
as well as the hermitian and anti-hermitian combinations
The object ∆ A X can be identified with the spectral function that is also familiar from quantum field theory at zero temperature. In the case of fermions, the various CTP two-point functions are defined completely analogously. For a given fermionic species X, one has
As before, we define
and
where S A X is again the spectral function, but now for fermionic fields.
In what follows, we focus on the bosonic and fermionic Wightman functions (34b), (36b), since these are what we need to compute the particle number densities n N 1 h (t) and n ± l (t)
In the special case of kinetic equilibrium at a temperature T ≡ 1/β, the Wigner transformed Wightman functions become independent of the x-coordinate due to spacetime translation invariance. They take the form
where f X (k) are the equilibrium distribution functions in the presence of chemical potentials
We note that the above results are fully general. In particular, they also hold when radiative effects are taken into account by including wave-function type loop corrections for the spectral functions ∆ A X (k), S A X (k). At tree level, the spectral functions are given as
where P X = P L/R for left/right handed fields (in case of which m X = 0) and P X = I otherwise. Due to the explicit delta distributions, these tree-level results correspond to particle excitations of zero width. Radiative effects or out-of-equilibrium dynamics may give rise to a k-dependence of the distribution functions, finite widths for the particle modes [71] , and additional propagating modes such as holes. Using the Wigner-transformed Wightman functions, the fermionic particle number densities n N 1 h (t) and n ± l (t) 11 for the sterile neutrinos and Standard Model leptons [72, 49] can be obtained as
In these equations, γ 0 is a Dirac-gamma matrix in one of the standard Weyl, Dirac or Majorana representations and P h projects onto an helicity eigenstate with helicity h,
In Eq. (42a) we have omitted indices from the fundamental representation of SU (2) for simplicity; note that both components of a doublet must yield identical asymmetries due to symmetric initial conditions and gauge symmetry. As before, the superscript ± on n(t) ± l indicates the particle and antiparticle number case, respectively. To obtain the second expression in Eq. (42b), we have used the Majorana condition for the sterile neutrino spinors, which implies that particle and antiparticle number densities must be identical.
Using the definitions (42a) and (42b), one can obtain the time-evolution of the particle number densities n N 1 h (t) and n ± l (t) from that of the two-point functions, which satisfy a well known set of formally exact Schwinger-Dyson equations [73, 38, 74] . In Wigner space, these equations take the form [70] 
where P l ≡ P R and P N 1 ≡ 1. The diamond operator is defined via
while / Σ ±± X denotes the fermionic self-energies, which encode the loop corrections to the tree-level propagators. They are formally defined in terms of functional derivatives of the interacting part of the two-particle irreducible (2PI) effective action with respect to the CTP two-point functions
In analogy with Eq. (37b), one can define Hermitian and spectral combinations for the selfenergies, / Σ H X and / Σ A X , which contain information on quantum corrections to the dispersion relation and the width of the corresponding fermion. The self-energy / Σ A X is of particular interest, since it determines the equilibration rate of the associated particle, in analogy with the familiar optical theorem from zero-temperature quantum field theory, relating the imaginary part of a two-point function to the total decay rate.
Derivation of the fluid equations
To obtain the fluid equations for leptogenesis, we first perform a simultaneous expansion of the Schwinger-Dyson equations (44a), (44b) in the gradients ∂ x and the coupling constants of the underlying theory. To understand why this is reasonable, consider the typical scales associated with the derivatives ∂ k and ∂ x appearing in the diamond operator in Eqs. (44a), (44b). The derivatives in the momentum k are given by the typical microscopic energy scale, so that close to kinetic equilibrium ∂ k ∼ 1 /T . The same is not necessarily true for the change in the average macroscopic coordinate x, in fact one often has ∂ x T . In our case, there are two sources of nonvanishing macroscopic gradients ∂ x : first, the expansion of the universe, and second, interactions such as scatterings, decays, and oscillations. For the expansion of the universe, the associated time scale (in conformal time) is ∂ta(t) /a(t) ≈ a(t)H. For the B − L violating interactions induced by the sterile neutrinos, the time scale is ∂tµ X/µ X ∼ |F | 2 T . In the weak washout regime, the Hubble expansion rate as a source for gradient corrections always dominates over the rate of B − L violating interactions before freeze-out, whereas for strong washout, the expansion dominates at early times and the B − L violating processes dominate later, prior to freeze-out. For the gradients from the expansion of the Universe, one finds that
Notice that for the second case the expansion in the gradients is equivalent to a perturbative expansion in the sterile neutrino Yukawa couplings. Since the self energies are of second order in the Yukawa couplings, this implies that terms such as ∂ t Σ H/A , ∂ t Σ a/r are of subleading order in the simultaneous expansion. Taking this into account and expanding to zeroth order in the gradients and to leading order in the Yukawa couplings of the sterile neutrinos, the SchwingerDyson equations become [39, 49] 
In the following, we focus on the second of these two equations. Taking the Hermitian part and assuming the universe to be spatially homogeneous and isotropic (so that spatial gradients may be neglected) results in the so-called "kinetic equation" [49, 75] 
with the shorthand notations
Note that the term involving the anticommutators describes the decay, inverse decay and scattering processes and is therefore referred to as collision term. Now, we take the kinetic equation (48) and apply the integrations (42a), (42b) that lead to the particle number densities. This yields
To proceed, we evaluate these equations by means of a perturbative expansion in the sterile neutrino Yukawa couplings. Notice that, while Eqs. (47) form a closed system, the number densities on the left-hand side of Eqs. (50a) and (50b) do not contain the full information on the distributions that appear in the propagators and self energies in the collision integrals on the right. Furthermore, the above equations do not yield any information on the spectral functions that also enter into the collision integrals and therefore have to be obtained elsewhere. As a result, we have to provide further input in the shape of appropriate expressions for the Wightman functions and the CTP self-energies of the Standard Model leptons, the Higgs boson, and the sterile neutrinos, that have to be inserted into the collision term. First, we consider the Wightman functions of the Standard Model particles and sterile neutrinos. Since the Standard Model particles are assumed to remain in kinetic equilibrium, their Wightman functions are given as in Eqs. (39) and (40), with the spectral functions ∆ A X , S A X that include the dispersive and absorptive effects from the interactions with the plasma. These corrections are necessary for the fluid equations to remain valid in the regime relativistic sterile neutrinos. We refer to Section 4.3 for more details on the spectral functions of the Standard Model particles. In contrast, the sterile neutrinos may be far away from kinetic equilibrium throughout leptogenesis, so that the parametrization in Eqs. (39) and (40) cannot be assumed to be valid for these particles. In the nonrelativistic regime, where |k| M 1 for the typical momentum of a sterile neutrino, taking the kinetic equilibrium form for their distribution function does not lead to a sizable error in the result of the calculation [51, 52] . In general however, we must assume helicity-dependent distribution functions that are not simply characterized by a chemical potential, and which will be left unspecified in the present work. This is the origin of the dominant theoretical uncertainty within the fluid equation approach. For the spectral function S A N 1 , we may simply take the tree-level result of Eq. (41), as the smallness of the Yukawa couplings of the sterile neutrino imply a strong suppression of its width. Proceeding in this way, we may write
The above helicity decomposition can be justified from the fact that the helicity projection operator commutes with the kinetic equation [76] . The f N 1 h (k 0 ) with h = ±1 denote the two sterile neutrino distribution functions, for which we define deviations from equilibrium as
is the Fermi-Dirac distribution. Next, we consider the sterile neutrino and lepton self-energies. The sterile neutrino self-energy is formally defined as in Eq. (46) , and to leading order in the Yukawa couplings F 1 , it can be obtained by amputating the 2PI diagrams shown in Fig. 3 . Generically, it can be decomposed as
where we have implicitly defined the left-and right-chiral reduced self-energiesΣ µ N 1 ,L and Σ µ N 1 ,R . In the nonrelativistic limit, these reduced self-energies are approximately temperatureindependent, but in general they can receive sizable thermal corrections generated by the Standard Model gauge interactions. To one-loop order, when dropping the Yukawa couplings, one has [39] 
where C is the Dirac charge-conjugation matrix. As noted before, the Standard Model Wightman functions are taken to include finite-temperature wave-function type corrections. In principle, the self energies receive additional vertex type corrections from electroweak interactions. As noted before, these corrections contribute only at order g 2 and are therefore negligible at leading log accuracy. For more details, we again refer to the discussion in Section 4.3.
Since we assume that the Standard Model particles are in kinetic equilibrium and have small asymmetries, we may expand the sterile neutrino self energy in µ X/T , giving [75] 
Here we have introduced the reduced self-energiesΣ
, which are defined via the relationsΣ
is the Bose-Einstein distribution.
In the case of the Standard Model leptons, only the B − L violating contributions to the self-energies enter explicitly into the fluid equations (50b). When restricting to these pieces, the leading order contribution in the sterile neutrino Yukawa couplings is given by the first diagram in Fig. 4 , where as before i ∆ <,> φ (p − k) refers to the full propagator, including in particular the wavefunction type corrections for spectral function of the Higgs boson. Again, we neglect vertex-type corrections to the lepton self-energy, since they do not contribute at leading-log accuracy in the electroweak coupling. Further, we note that i S <,> N 1 in Eq. (60) is understood to be given by the tree-level expression (51), since we expand the lepton selfenergy to order |F 1 | 2 . In principle, the above 2PI expression for i Σ <,> l at one-loop order does include CP -violating effects from mixing of the sterile neutrinos, but these are encoded in terms of wave-function type loop corrections for i S (51) is CP conserving: it generates the washout and backreaction terms in the fluid equations but does not give rise to the CP -violating source term. Indeed, the leading order CP -violating term appears at O(F 4 ) in the sterile neutrino Yukawa couplings. The relevant contributions to the source term are generated by the second and third diagram in Fig. 3 , which include the vertices of the effective operators of Eq. (2). These diagrams give
where we have defined the shorthand
(62) Having now specified the necessary expressions for the Wightman functions and self energies, we can proceed with deriving the fluid equations. To this end, we first use expressions (60) and (61) to rewrite Eq. (50b) as
Next, we make use of the assumption that the sterile neutrino remains close to equilibrium and that the Standard Model asymmetries remain small. If this is true, we may expand the right-hand side of Eqs. (50a) and (50b) to linear order in δf N 1 h and µ l,φ . Now, in view of the applications in Sec. 5, where we assume vanishing initial conditions and hence δf N 1 h is initially large, this implies an order one inaccuracy for the washout rate as well as for the backreaction rate producing a helicity asymmetry in the sterile neutrinos. For the scenario with partially equilibrated spectator fields in the strong washout regime, this may not be problematic because the washout and backreaction at early times have a subdominant effect with respect to the reactions occurring at later times when δf N 1 h is indeed small. For weak washout, δf N 1 h may remain large throughout all times prior to Maxwell suppression, such that we do not accurately capture the Pauli-blocking factors from the sterile neutrinos that appear in the washout and the backreaction terms. While it would be interesting to account for this, the rates would then be no longer simply functions of z but also of δf N 1 h . We therefore relegate this matter to future work, where the fluid approximation is not made and δf N 1 h is calculated accurately enough to address this matter. First we consider the terms generated by the Standard Model asymmetries. Taking δf N 1 h → 0 and inserting the expansions (56a), (56b) into Eqs. (50a) and (63), we find
with
where the washout parameter K was defined in Eq. (18b), and we further introduced
. (65) Next, we consider the contributions generated by the sterile neutrino being out of equilibrium. Taking µ l,φ → 0, and defining
where 0 is the zero-temperature decay-asymmetry defined as in Eq. (15) . The source term (66e) is consistent with the calculation in Ref. [63] , provided that one there takes the limit M 1/M 2 → 0.
To further simplify the source term, we note that since we work in the plasma frame the spatial part of the reduced self-energy,Σ i N 1 (k), has to be proportional to k i , as it is the only nonvanishing spatial momentum available. Also, k µ and the vectork µ defined in Eq. (65) are orthogonal in the four-dimensional sense, while having spatial components parallel to k i . Thus, they span the two-dimensional sub-space of four vectors with spatial part proportional to k i , so that we may use the decomposition
Using this relation and the definitions of γ(k),γ(k) in Eq. (65), the scalar product appearing in the CP -violating source term (66e) can be cast as
Finally, to obtain the fluid equations presented in Section 3, we approximate γ(k),γ(k) by their thermal average over the equilibrium distribution of the sterile neutrino. For a general momentum-dependent variable X(k), we define the thermal average as
where n N 1 ,eq is the equilibrium number density of the sterile neutrinos,
Using the definition (69), we now implement the thermal averaging by replacing
From the averaged rates γ , γ , we finally introduce the dimensionless LNC and LNV rates of Sec. 3:
The average of the source term in terms of γ LNC , γ LNV is given as
At this point, it is prudent to reiterate that the momentum averaging leads to the order one uncertainty corresponding to the leading order fluid approximation in the relativistic regime. Once γ(k),γ(k) are substituted by their averages, the remaining momentum integrals can be cast in terms of the integrals I(z), J (z), K(z) that have been defined back in Eqs. (17b), (17c), and (23) . Indeed, we find for the integrals appearing in Eqs. (66) and (64) 
where Γ is given by Eq. (21), such that η N 1 follows as given in Eq. (17a). Further,
and 1 s
1 s
where we have also used that Y N 1 ,odd vanishes in equilibrium. Putting everything together, we finally obtain the momentum-averaged fluid equations for leptogenesis:
where the two independent rates Γ,Γ are given by Eq. (21), while the effective sterile neutrino decay asymmetry is
The factor of η N 1 can be understood as accounting for the fact that Γ andΓ are defined as averages with respect to the sterile neutrino momentum distribution, rather than the momentum distributions of the Standard Model lepton and Higgs boson. Above, we have derived it from the absorptive part of the self energy of the Standard Model lepton. To obtain its value in a more intuitive way based on a collision term that one would set up in a Boltzmann equation, we consider the yield corresponding to the difference between the net-numbers of leptons and anti-leptons turned into sterile neutrinos via the Yukawa interactions per given unit z-interval.
Since the Standard Model particles are in kinetic equilibrium, this difference is given as
To close this section, we note that the fluid equations (78) do not account for Y l -violating Standard Model interactions. However, all of these rates are B − L conserving, so that the evolution of Y B−L must follow directly from the equation for Y l in (78) . As argued in Sec. 3, even with partially equilibrated sphaleron reactions, chemical equilibrium constraints can be seen to imply that the baryon number charge is equally distributed among flavours, while nonzero values of B − L are restricted to the flavour that couples to the sterile neutrinos. This implies that
Taking this into account, one recovers the fluid equations (22b)-(22c) from Eq. (78).
Computation of the rates γ LNC and γ LNV
To compute γ LNC and γ LNV , which are defined by Eqs. (72), (69) and (65), we use the expression forΣ
given in Eq. (58):
where f F and f B are the Fermi-Dirac and Bose-Einstein distributions and S A l and ∆ A φ are the Standard Model lepton and Higgs boson spectral functions. We recall that we have definedΣ
as the reduced spectral self-energy of the sterile neutrinos with the Standard Model fields in kinetic equilibrium and with vanishing chemical potentials (see Eqs. (56a),(56b)). Therefore, we approximate S A l and ∆ A φ as the one-loop resummed equilibrium spectral functions, which solve the Schwinger-Dyson equations in the absence of gradients. Neglecting the tree-level masses of the Higgs boson, and with vanishing tree-level masses for the leptons in the phase of restored electroweak symmetry, these resummed spectral functions are given by [72, 49] 
where Π To compute the LNC and LNV rates at leading-log accuracy for a range of temperatures covering the relativistic and nonrelativistic regimes, we keep only the HTL contributions within the spectral functions in the one-loop self-energy (84) . As explained at the beginning of Sec. 4, these may be enhanced by factors of T 2 /m 2 compared to the tree-level result forΣ N 1 , where m is a mass or momentum scale. In fact, the HTL contributions must be resummed in order to get accurate results in the relativistic regime. In our case, the HTL expressions can also be recovered by evaluating the full one-loop self-energies close to p 2 , q 2 → 0. In this limit, one has [77, 78] 
Here, we have again usedp µ ≡ (|p|, p 0 
where h t is the top-quark Yukawa-coupling and λ φ the quartic self-coupling of the Higgs boson. Note that within the HTL approximation, the width of the Standard Model particles is zero for time-like momenta p 2 > 0. As a result, the resummed spectral propagators of Eq. (85) then take the same shape as the tree-level results of Eq. (41), except for a modified on-shell condition,
When substituting the above spectral propagators into expression (84) forΣ
, the on-shell conditions enforced by the δ-functions in Eq. (89) allows for the interpretation of the resulting contributions toΣ µ N 1 as arising from on-shell 1 ↔ 2 processes in the thermal plasma. These pieces, that we labelΣ µ N 1 ,1↔2 , can be computed analytically when simplifying the HTL dispersion relation, which enforces
by using the lepton thermal mass instead of the full Hermitian self-energy. Physically, this corresponds to neglecting contributions generated by collective excitations in the plasma, i.e. the "holes". Explicitly, taking
one can approximateΣ against the dispersion relation of a massless particle (dotted gray) and a particle with mass m l (dashed gray).
the effect of the thermal mass, as it is used in the calculations leading to the approximation in Eq. (92). In the same limit, the holes approach a massless dispersion relation, yet they also decouple. This can be seen by expressing the spectral lepton propagator in Eq. (89) as a sum over contributions proportional to δ((p 0 ) 2 − E 2 part/hole (p)), with "part, hole" denoting the particle and hole branches, respectively. For the hole contributions, the Jacobian that arises from expressing
hole (p)) becomes exponentially suppressed for large |p|, capturing the decoupling of the holes.
We also evaluate the contributions toΣ
from the region with spacelike lepton propagators, i.e. for p 2 < 0 in Eq. (84), numerically. In this case the scalar spectral energy is given by Eq. (89), while the HTL-resummed lepton spectral self-energy in Eq. (85) with nonzero Γ l can no longer be approximated as being proportional to a delta function. In this case, with only the scalar propagator forced to be on shell, the contributions toΣ µ N 1 can be interpreted as arising from 2 ↔ 2 processes in the thermal plasma involving off-shell lepton exchanges. These are the contributions for which earlier works found the g 2 log g −2 enhancement from t-channel lepton exchanges in the relativistic regime [16, 17, 19, 69] , and which we now evaluate beyond the relativistic approximation. For a schematic illustration of the separation ofΣ µ N 1 into 1 ↔ 2 and 2 ↔ 2 processes, see Fig. 6 .
For the numerical computation of the 1 ↔ 2 contributions to the LNC and LNV rates beyond the approximation of Eq. (91), as well as to obtain the 2 ↔ 2 contributions, we keep the full momentum dependence of the HTL self-energies of the Standard Model in Eq. (87), and we proceed to a numerical evaluation of the integration in Eq. (54), as well as of the momentum averaging necessary to obtain γ LNC/LNV from Eqs. (72), (69) and (65) . We employ an adaptive Monte-Carlo integration method, choosing 100 values of z between 10 −2 and 10 2 with even logarithmic spacing. In order to determine the values of the couplings, we have chosen a renormalization scale µ = T phys ∼ 10 12 GeV and solved the two-loop renormalization group equations of the Standard Model [79] imposing initial conditions at low energy that reproduce collider measurements. In the matching to experimental results we include two-loop threshold corrections for the Higgs parameters [80] , and one-loop electroweak [81] and three-loop QCD corrections [82, 83] for the determination of the top Yukawa in terms of the top pole mass. We use PDG data [84] except for the Higgs and top masses, which are taken from recent ATLAS measurements: m φ = 124.97 GeV [85] , and m t = 172.69 GeV [86] . This gives as, at the scale µ = T phys = 10 12 GeV,
The final results for the equilibration rates are shown in Figure 1 . For early times (small z), γ LNC is dominated by the contributions from 2 ↔ 2 scatterings via lepton exchange and γ LNV by 1 ↔ 2 processes. Since the source term eff Γ is proportional to γ LNV · γ LNC , this implies that when 1 ↔ 2 processes are neglected in the relativistic regime, the CP -violating source can be underestimated by up to two orders of magnitude. This is critical for ultrarelativistic sterile neutrinos, so that the corresponding correction to the source term may be relevant for implementations leptogenesis with "light" GeV-scale sterile neutrino, as it has been explored in Refs. [21, 22, 23, 24, 25, 26, 27, 28, 29] . For both γ LNC and γ LNV , the rates for 1 ↔ 2 processes become negative and suppressed for intermediate values of z and end up becoming positive again and dominating the rates for z 1. The suppression is a kinematic effect, taking place when no 1 ↔ 2 processes involving lepton pseudoparticles can occur on shell. For z 1 the thermal masses of Higgs and leptons in Eq. (88) dominate over the mass M 1 of the sterile neutrino, so that inverse decays like φ → lN 1 are kinematically allowed in the plasma, while decays N 1 → φl are forbidden. As the temperature drops, and with it the thermal masses of Higgs bosons and leptons, both Higgs decays and inverse Higgs decays end up becoming blocked. However, φ → N 1 l processes involving lepton holes are still allowed, because holes have a lower effective mass than pseudoparticles, as can be seen from the dispersion relation in Figure 5 . Moreover, the contributions of the holes to the rates are negative, which can be understood from the fact that the holes carry negative lepton number, so that their creation or destruction in 1 ↔ 2 processes gives rise to changes in L with the opposite sign than those sourced by analogous processes involving lepton pseudoparticles. This implies that when hole effects dominate, the 1 ↔ 2 contribution to the rates changes sign, as seen in Fig. 1 for 0.1 z 1. As z increases, decays of φ into N 1 and holes become forbidden, while for z 0.4 the decays of N 1 into lepton holes and Higgs bosons open up kinematically. This explains the drop in the absolute value of the 1 ↔ 2 contribution to the rate for z ∼ 0.4. For z between 0.4 and 1 the decays into holes still dominate the 1 ↔ 2 rates, until for z 1 the holes decouple, as they are produced with very large momentum, and the N 1 → φl decays into lepton pseudoparticles take over, so that the 1 ↔ 2 rate becomes positive again. The individual contributions from holes and pseudoparticles to the 1 ↔ 2 rates are shown in Fig. 7 , where the decoupling of holes for z > 1 becomes apparent. In Figs. 1 and 7 , we also show the effect of using the full HTL dispersion relation for the lepton pseudoparticles versus simply using the thermal mass m 2 l in Eq. (88). The nontrivial momentum dependence of the Hermitian self-energy of the leptons results in a softening of the kinematic suppression near z = 0.1, when the inverse decays involving lepton pseudoparticles become blocked.
The relevant rates that appear in the Boltzmann equations (22a)-(22c) are shown in Fig. 2 together with their nonrelativistic approximations, if applicable. As was emphasized at the end of Sec. 4, the source rate experiences a large enhancement at z < 0.1, which, as will be seen in the next section, yields a sizable increase in the asymmetry in the weak-washout regime for a vanishing initial abundance of sterile neutrinos. Also, the washout rate is somewhat smaller than its nonrelativistic approximation for z 0.2, which will give rise to a mild enhancement of the asymmetry even in the strong washout regime.
Impact of relativistic and spectator effects on the final B − L asymmetry
Having derived a set of fluid equations and equilibration rates that remain valid throughout the transition from the relativistic to the nonrelativistic regime, we now study the impact of early-time relativistic effects and partially equilibrated spectators in models of leptogenesis with heavy sterile neutrinos. For this purpose, we perform a parametric study of the final B − L asymmetry, considering both a toy setup without spectators and a realistic scenario forM 1 in the neighbourhood of 10 13 GeV.
In the toy setup, we neglect all B − L conserving interactions of the Standard Model. As a result, there is no way to transfer any net charge from Y l to any of the other Standard Model yields. Therefore, we can set Y B−L = Y ∆ = −2Y l , and, for simplicity, we set Y φ = 0, i.e. we ignore the spectator role of the Higgs bosons. Doing so, the fluid equations (22a)-(22c) become a closed system that depends only on two free parameters: the zero-temperature sterile neutrino decay asymmetry 0 of Eq. (15) and the washout parameter K of Eq. (21). In particular, there is no additional dependence on the massM 1 of the lightest sterile neutrino, since the γ LNC andγ LNV rates depend only on Standard Model parameters. In the nonrelativistic limit, we also recover the fluid equations used in Ref. [35] , albeit with the additional prefactor 12/π 2 in the washout rate.
For the realistic scenario, the mass range is chosen such that the sterile neutrinos decay before the weak sphaleron and bottom-Yukawa interactions can fully equilibrate, which happens at temperatures of about 4 × 10 12 GeV. In this case, one has to solve Eqs. (25) , which become a closed system after imposing the chemical constraints of Eq. (27) . In addition to being a function of K, the asymmetry now depends onM 1 itself, since the spectator rates in Eq. (26) are functions ofM 1 as well as z. As we are interested in how the partial equilibration of spectator interactions may affect the baryon asymmetry, we will compare the asymmetry obtained in the realistic setup with another setup, in which the bottom-Yukawa and weak sphaleron interactions are approximated as fully equilibrated. In the latter case the asymmetry is obtained by solving Eqs. (22) with the chemical constraints of Eq. (28) .
In both scenarios, we assume the B − L asymmetry to be vanishing at some initial z = z 0 and further take Y N 1 odd (z 0 ) = 0.
Toy setup without spectators
In order to isolate the effect of the asymmetries generated at early times, when the sterile neutrinos are relativistic, we first consider the toy setup without spectator effects, with a particular focus on the weak washout regime. Comparing our fluid equations (22) with those used in Ref. [35] , we expect to obtain significant corrections in the final B − L asymmetry when thermal corrections to the rates γ LNC and γ LNV are of importance. As noted before, this should be the case for K 1 (i.e. in the weak-washout regime), since then the asymmetries produced at early times are not destroyed by the by the washout. In contrast, the final B − L asymmetry obtained when K 1 (i.e. the strong-washout regime) is expected to receive no significant corrections compared to the nonrelativistic approximation, since the washout destroys all asymmetries existing at early times, and is active until lepton-number violating interactions decouple in the nonrelativistic regime, where the thermal corrections are negligible. That being said, we still obtain order one corrections in the strong washout regime due to the extra factor of 12/π 2 in the washout rate compared to the fluid equations used in Ref. [35] . 
where T e dz W (z ) is a time-ordered matrix exponential and we write in shorthand
To recover the nonrelativistic approximation, one has to takeΓ → 0, eff → 0 and use the augmented Γ as in Eq. (20) . Using that the sterile neutrino yield should then be helicitysymmetric, one also finds the constraints Y N 1 odd = 0 and
When parametrizing the final B − L asymmetry, we follow Ref. [11] and define the efficiency factor κ f via
Combining the formal solution in Eq. (96b) with Eq. (22a) then implies
Notice that in general κ(z) depends on the washout parameter K but not on 0 , since eff ∝ 0 . The normalization of κ(z) is chosen such that one recovers κ f = 1+O(K) for initially equilibrated sterile neutrinos in the nonrelativistic approximation. Explicitly,
In the two limiting cases K 1 and K 1, it is possible to approximate κ f analytically. For this, we consider both the general solution (99) as well as its nonrelativistic approximation (100). As we will reiterate below, one should keep in mind that the nonrelativistic approximation is only valid for the strong washout regime, so that its application to weak washout is only done here in order to assess the impact of the relativistic corrections.
For the nonrelativistic case, we follow the derivation in Ref. [35] while keeping track of the additional prefactor 12 /π 2 in front of the washout rate. As it is done there, we first write the efficiency factor as a sum of contributions from production and decays,
Defining z eq to the value of z at which Y N 1 (z) = Y N 1 eq (z), one finds κ nr + = κ nr f − κ nr (z eq ) and κ nr − = κ nr f (z eq ). To estimate z eq , we substitute the nonrelativistic rate Γ from Eq. (18) and solve
In the strong washout regime, we further proceed as in Ref. [35] by noting that the largeness of the equilibration rate Γ ∝ K ensures that the sterile neutrino yield will reach and track the equilibrium distribution at very early times, so that z eq 1. Similarly, the large washout rate will erase any asymmetry produced before equilibration, so that the asymmetry arises largely from decays of the sterile neutrinos occurring after the washout becomes Boltzmann suppressed. Thus, starting from the nonrelativistic efficiency factor of Eq. (100), and assuming that Y N 1 ≈ Y N 1 ,eq , one may write
As in Ref. [35] , we may approximate the integrand around a saddle point z =z of I(z ) satisfying
One can then get a simple estimate of the integral as follows,
so that the strong washout asymmetry, regardless of initial conditions, is given by
In the weak washout regime, the only contribution to κ f that is not suppressed by factors of the washout rate K is
so that there is no final B − L asymmetry for a vanishing initial abundance when taking K → 0.
To obtain the leading-order expression for κ nr f when Y N 1 even (z 0 ) = 0, we again proceed as in Ref. [35] . First, we consider z < z eq . For these values of z, the neutrino yield is small and one can ignore it on the right-hand side of the fluid equation (16a) for Y N 1 . Using the expression for Y N 1 eq in Eq. (17a) together the approximation on the right-hand side of Eq. (17b) for I(z), one finds
Inserting (108) into Eq. (100) and using the expression for η N 1 in (17a) together the approximation on the right-hand side of Eq. (17c) for J (z), one obtains
Next, we exploit that for small K one has z eq 1 (see Eq. (102)), so that the washout rate can be ignored for z > z eq . As a result, one finds
where κ(z eq ) = κ 0,nr − is given by Eq. (109). Thus, the efficiency factor κ(z → ∞) becomes
In the last equality, we have used a numerical fit to Eq. (102) to find
Now we move on to the semianalytical approximation of the fully relativistic efficiency factor κ f given in Eq. (99). We only need to consider the weak washout regime, since relativistic corrections are expected to be negligible for K 1. For this purpose, we start by setting K → 0 in Eq. (99). Then, one recovers the same result as in the nonrelativistic case,
To otain the leading-order expression for κ f when Y N 1 even = 0, we set W → 0, giving
This expression can be simplified by noticing that the integrand in the second term is dominated by values of z 1 because eff → 0 when relativistic corrections are small. To approximate dY N 1 even (z ) /dz , we use Eq. (22a) and reinsert the formal solution (96a) for Y N 1 even (z ) on the right-hand side. Expanding around Γ(z ) = 0, one finds
Inserting Eq. (114) into Eq. (113), we obtain
To recover the final efficiency factor, we now have to take z → ∞, for which only the integral in the second term contributes. To estimate this integral, we use expressions (21), (23) and our numerical results for the rates γ LNC/LNV . Choosing z 0 = 0.01 as the lower bound of the integral, we find
There are two main reasons for our choice of z 0 : firstly, it corresponds to the minimum value of z for which we have numerically evaluated the rates, and secondly, it is consistent with our choice of initial z for carrying out the numerical integration of the fluid equations. That being said, the dependence of the integral on z 0 is very mild. For example, extrapolating our numerical rates to lower values of z and choosing z 0 = 0, the κ 0 f coefficient increases only by about 4%. Notice that this result is qualitatively different from its nonrelativistic counterpart given in Eq. (111) for Y N 1 even = 0 initial conditions. First, we have fully neglected the washout, setting W → 0. Within the nonrelativistic approximation, this would have resulted in a vanishing efficiency factor. To see this, recall that the source of the B − L asymmetry is proportional to dY Neven /dz, so that the B − L asymmetry created during the production of the sterile neutrinos is exactly cancelled out by an opposite-sign asymmetry created during the decay of the sterile neutrinos. If the washout is taken into account, a part of the symmetry created during the production of the sterile neutrinos is already washed out by the time the sterile neutrinos start to decay. As a result, one is left with a small net efficiency factor of positive sign once the sterile neutrinos have decayed. Quantitatively, this net efficiency factor is at least quadratic in K, with one factor of K resulting from dY Neven /dz ∝ K another factor of K coming from the nonvanishing washout that needs to be included to obtain a finite result. In contrast, the efficiency factor (116) for the initial conditions Y N 1 even = 0 in the fully relativistic description is nonvanishing even when W → 0. This is due to the relativistic corrections to eff resulting in eff > 0 for small z, as illustrated in Fig. 2 . As a result, the asymmetry sourced during the production of sterile neutrinos is larger than the opposite-sign asymmetry generated during their decay, giving a finite efficiency factor of negative sign. In addition to this sign flip, the asymmetry is generated at first order in the washout parameter, with the sole factor of K coming from dY Neven /dz ∝ K as eff/ 0 is independent of K. Substituting the estimates (123), (124) , (126), (127a) and (127b) into expression (121) for δ(z), we find 
where we have again used that z 1. For nonvanishing initial conditions and r ≈ 10 −2 , only the first term is relevant, and we obtain z 2 f 10 /K. For vanishing initial conditions and r ≈ 10 −2 , we obtain z f 1 /K.
In Fig. 8 we show the final B − L asymmetry obtained for various initial conditions and values of K between 10 −4 and 10. The fluid equations are integrated up to z ≈ 400. For this value of z, and with the lower bound K ≈ 10 −4 , the above estimate gives |δ(z = 400)| 3 · 10 −4 for nonvanishing initial conditions and |δ(z = 400)| 1.3 · 10 −2 for vanishing initial conditions. It is important to reiterate that this estimate does not account for theoretical uncertainties, as it captures only numerical deviations. For both the nonrelativistic approximation and the fully relativistic result, one finds that there is a clear distinction in the behaviour of κ f for the weak washout regime with K 1 and the strong washout regime with K 1. For a nonvanishing initial abundance of sterile neutrinos and K 0.01, the behaviour of the efficiency factor is well described by Eq. (112). Furthermore, we confirm the estimate of Eq. (116) and the sign flip of the asymmetry with respect to the nonrelativistic approximation for a vanishing initial abundance. From the plot, the sign flip can be seen to occur at around K ∼ 0.2.
In the strong washout regime, the fully relativistic and nonrelativistic predictions for the final B − L asymmetry are in full agreement, as expected from the previous arguments. The behaviour of the efficiency factor is well described by the approximate expression of Eqs. The explicit time evolution of the yields is illustrated in Fig. 9 for several sample solutions with K = 0.001, 1, 10 and for both vanishing and equilibrium initial conditions for the sterile neutrinos. The yields Y B−L , Y N 1 odd are rescaled by 1/ 0 , in order to display the results in a way that is independent of the CP -violating source. Focusing first on the plots on the left, which correspond to vanishing initial conditions, it is clear that in the nonrelativistic limit
. This reflects the fact that, when washout is ignored, Eqs. (16a) and (16b) imply that d/dz(1/ 0 Y ∆ + Y N 1 even ) = 0. This relation does not hold in the relativistic case due to the z dependence of eff . In particular, the enhancement of the source term at small z always gives a larger relativistic asymmetry at early times. For weak washout, the relativistic asymmetry continues to be larger at late times, and for small K (upper left plot) the early-time enhancement is enough to avoid a sign flip for the asymmetry after Y N 1 even reaches the equilibrium value and the sign of the source of the asymmetry changes. For larger K (middle and lower left plots), the early-time enhancement is washed away and the sign flip happens as in the nonrelativistic case. In the case of equilibrium initial conditions (plots on the right), the early-time enhancement in principle survives for small K, but becomes less relevant as most of the asymmetry is generated from late-time decays, when the source matches its nonrelativistic counterpart. This is illustrated by the upper right plot. At high K, the early-time enhancement is washed out (see lower right plot), while for intermediate values near K = 1 (middle right plot), at the sweet spot of parameter space in which N 1 decays not long after the source enhancement and when the washout is not yet large, one finds the < 10% enhancements of the efficiency seen in Fig. 8 .
Setup with partially equilibrated spectators
We now turn towards the realistic setup for sterile neutrino masses of around 10 13 GeV. To estimate the impact of spectators, we compare the final B − L asymmetry obtained by solving the full set of equations (25a)-(25e) with that obtained by enforcing equilibration of both bottom-Yukawa and weak sphaleron interactions. The result of a numerical parameter scan of the ratio of the two B − L asymmetries in dependence ofM 1 and K is shown in Fig. 10 for both Y N 1 even (0) = Y N 1 eq (0) and Y N 1 even (0) = 0 initial conditions. We restrict the scan to the strong washout regime, K > 3, since the partially equilibrated spectators are expected to be most important in that case. Since there is no dependence on the initial conditions for the sterile neutrinos of the final B − L asymmetry (see Fig. 8 ) when neglecting partial equilibration of spectators, both plots in Fig. 10 are in fact normalized to the same baseline asymmetry.
The first thing to notice is that there is no significant difference between the full treatment and the approximation using fully equilibrated spectators forM 1 10 12 GeV. This is to be expected, since in this regime both bottom-Yukawa and electroweak sphaleron interactions reach chemical equilibrium well before washout processes decouple and B − L freezes in. As a result, any asymmetry that may have been transferred to the spectator fields at early times is washed out.
On the other hand, it is clear from Fig. 10 that the final asymmetry computed using the full treatment with partially equilibrated spectators is strongly dependent on the initial conditions for massesM 1 10 12 GeV. For initially equilibrated sterile neutrinos with Y N 1 even (0) = Y N 1 eq (0) the inclusion of partially equilibrated spectator interactions yields only order one corrections to the final B − L asymmetry, which is consistent with the study of partially equilibrated spectators that was carried out in Ref. [13] within the nonrelativistic approximation. However, for Y N 1 even (0) = 0 there are qualitative differences between the full and simplified treatments for a sufficiently strong washout. In the full treatment, there is a sign flip in the final B − L asymmetry for large K, starting at K 30 forM 1 near ∼ 10 13 GeV. The values of parameters for which the change of sign occurs are indicated by a red contour line in the right plot of Fig. 10 .
Furthermore, inside the flipped regime, the final B − L asymmetry is enhanced by up to two orders of magnitude. The mechanism responsible for the enhancement is illustrated for M 1 = 3 × 10 13 GeV and K = 10, 1000 in Fig. 11 , which shows the yields with appropriate rescalings that make them independent of the magnitude of the CP -violating parameter 0 . For very large K, the large,spectator-induced values of the yield Y ∆down can alter the behaviour of Y B−L , beyond the usual interplay of source and washout terms. As illustrated in the plot on the right of Fig. 10 , once the sterile neutrino density has achieved equilibrium, the source term for the asymmetry changes sign and Y B−L starts decreasing in magnitude in the usual way, until it becomes close to Y ∆down ; if the latter is large enough, Y B−L starts to track it, avoiding the sign flip due to the change in sign of the source, and escaping the decrease in magnitude associated with the usual effect of washout.
Discussion and future prospects
We have applied recent progress on the theory of relativistic effects for sterile neutrinos in a hot Standard Model plasma to leptogenesis in the weak washout regime and in the presence of partially equilibrated spectators. As expected from the fact that the generation of the asymmetry requires a departure from thermal equilibrium, the effects are most pronounced for nonthermal (and in particular vanishing) initial conditions for the sterile neutrinos, which in turn are expected to be generic in the framework of inflationary cosmology.
With the mass spectrum and Yukawa couplings of the sterile neutrinos and the principle behind them unknown, weak washout is a perfectly viable option, in particular in the presence of more than two sterile neutrinos, which allows for weaker couplings of the lightest one. Thus, the developments that we have presented here on this topic are of phenomenological relevance. We have found that, when neglecting spectator interactions and for vanishing initial conditions in the weak washout regime, that is, for values of the washout parameter K < 0.1, relativistic corrections give rise to a sign-flip and an enhancement of the absolute value of the asymmetry. Parametrically, this is characterized by the ∝ K scaling of the final asymmetry, compared to the K 2 scaling obtained in computations that do not account for all relativistic effects. Furthermore, we have studied the impact of partially equilibrated spectator fields, focusing on the particular example of the fields involved in bottom Yukawa and weak sphaleron interactions. This choice was made for simplicity, as one may ignore lepton flavour effects in the relevant temperature range. However, we emphasize that the methods presented here are also applicable to spectator processes that equilibrate at lower temperatures. As in the case without partially equilibrated spectators, relativistic effects have a higher impact for vanishing initial conditions. In the very strong washout regime, for K > 30, one obtains a sign-flip and an enhancement of the asymmetry of up to two orders of magnitude in the relevant sterile neutrino mass range ofM 1 10 12 GeV, where the bottom Yukawa and weak sphaleron interaction remain partially equilibrated until after the freeze out of the lepton asymmetry.
As for the theoretical uncertainties, in the calculation of the rates we have limited ourselves to leading-log accuracy. While leading order accurate calculations for the total, helicity-averaged relaxation rates of the sterile neutrinos in the intermediate regime between the relativistic and nonrelativistic limits are available [18, 20] , they have not yet been used in phenomenological calculations. Moreover, an important outcome of our work is that, rather than using the helicityaveraged rate, one needs to distinguish between LNV and LNC rates, for which the leading-order results had not been computed yet. The calculation of the CP -violating rates beyond leadinglog accuracy in the intermediate regime appears challenging. Also, it should be kept in mind that the leading order fluid expansion limit our accuracy to order one because of the unknown shape of the distribution functions of the sterile neutrinos. It may therefore be interesting to revisit earlier studies [51, 52] that were looking into this issue for leptogenesis from heavy sterile neutrinos in view of the improved understanding of the relevant rates. Another source of theoretical uncertainties lies in the fact that in the the derivation of the relativistic fluid equations, we have neglected so-called "double small" terms, which are proportional to both the Standard Model yields and the deviation of the sterile neutrinos distribution functions from equilibrium, and therefore considered doubly suppressed in many treatments of leptogenesis. For initially thermalized sterile neutrinos, this is well justified. However, for a small or vanishing initial abundance of sterile neutrinos, implying a large departure from equilibrium, there may be sizable corrections in the final lepton asymmetry, especially if a significant portion of the asymmetry is produced at early times and retained until freeze out.
Leptogenesis in the type I seesaw scenario has been shown to work through large mass ranges of the sterile neutrinos and for different patterns of their couplings, that consequently imply very different dynamics of the mechanism. It is an interesting speculation that the viable regions in parameter space may be connected. The present work adds to this rich picture in the weak washout regime and for situations with partially equilibrated spectator processes.
